Introduction
Let G be a finite group. We let m(G) and σ(G) denote the number of maximal subgroups of G and the least positive integer n such that G is written as the union of n proper subgroups, respectively.
In [3] , the authors produce a number of results which enables us to determine the structure of G/Φ(G) when G is a finite soluble group with m(G) ≤ 2σ(G). The determination of G/Φ(G)when G is soluble is of particular interest, for the Hall subgroups of G/Φ(G) gives us some information about the Hall subgroups of G. Pazderski [5] proves that the groups having at most 20 maximal subgroups are soluble. The author in [6] gives, among the others, a result which simplifies the proof of Pazderski's result as well as classifying those finite groups that have exactly eight maximal subgroups. In [4] , the author has determined the structure of G/Φ(G), where G is a finite non-nilpotent group with m(G) ≤ 20. For an application, the author [4] gives, for example, a complete list of finite non-nilpotent groups having exactly 9 maximal subgroups.
The authors [3] proves the following results: Theorem 1.1. Let G be a non-cyclic finite soluble group with σ(G) = n. Then there exists n maximal subgroups M 1 ,...,M n of indices i 1 ,...,i n , respectively, such that G = n ℓ=1 M ℓ , i 1 ≤ · · · ≤ i n and one of the following statements holds: 1) i 1 < n − 1 and M 2 ,...,M n are conjugate; 2) i 1 = n − 1 and M i ⊳ G for all i = 1, 2, . . . , n.
An n-tuple (M 1 , ..., M n ) of maximal subgroups of G is called a σ-cover of G whenever G = 1 result is said to be a conjugate σ-cover of G while that satisfying the condition (2) is called a normal σ-cover of G. In this paper, by using the above results, for a finite non-nilpotent soluble group G, we give the structure of G/Φ(G) when G has at most 2σ(G) maximal subgroups.
The structure of G/Φ(G)
In this section we aim to obtain the structure of G/Φ(G), where G is a nonnilpotent soluble group. We shall show that the structure of G/Φ(G) depends completely on the value of σ(G).
For simplicity we shall use the abbreviations m and σ for m(G) and σ(G), respectively. Clearly σ ≤ m. Following Cohn [1] , a group G is said to be a primitive n-sum group if G has no normal subgroup N for which σ(G/N) = σ(G). Proposition 2.1. Let G be any finite group with m > σ, and let
Proof. The normality of H is obvious. We set H 0 = H, l 0 = σ + 1 and for j ≥ 1, we define
Hence Φ(G) = H n for some integer n. Now on taking
has no non-normal maximal subgroup, because K n M j for j ≤ σ, the group G/K n is nilpotent; but Φ(G/K n ) is trivial and hence (i) is proved.
For the second part of the proposition, assume that N/H is a non-trivial normal subgroup of G/H and that σ(G/N) = σ(G/H).
is a σ-cover of G. By the uniqueness assumption, we then have
Proof. Using the notation of Proposition 2.1, we find that H = Z(G) by [3, Corollary 4.7] . Also G has a unique conjugate σ-cover, so that Inn(G) is primitive σ-sum group.
Remark. We note that if
In what follows E n denotes an elementary abelian group of order n.
Proof. According to Theorem 1.1, for each σ-cover
Proof. As G is non-nilpotent, the σ-cover (M 1 , · · · , M σ ) of G is unique. Now the lemma follows from Proposition 2.1, by observing that
is any σ-cover of G. By Corollary 1.4 it follows that each M i with σ < i ≤ m is unique. Therefore, M i ⊳ G for σ < i ≤ m and the result is proved by using Lemma 2.4. Now since the maximal subgroups of H/Φ(G), where H = σ i=1 M i , are unique, we see that p 1 , ..., p ℓ are distinct. Theorem 2.6. Let G be a soluble group having m non-conjugate maximal sub-
(ii)We have the following isomorphism:
(iii) By our assumption, we find that
Corollary 2.7. With the above notation and assumption, if |M ℓ /C ℓ | is a prime for some ℓ and if
The result is now immediate by using Theorem 2.6 (part(iii)).
Remark. By (i) and (ii) of Theorem 2.6, we have
On the other hand, since G = H ℓ C ℓ , it is readily seen that
In what follows, we shall show that how the direct decomposition of (2) is obtainable from the semidirect decomposition of (1). To see this it is enough to show that
and so (
, for all i, j with i = j. Our assertion follows at once by considering the following isomorphisms:
Theorem 2.8. Let G be a soluble group having two non-conjugate maximal subgroups M 1 and M 2 such that |G :
Z n where t = r 1 r 2 /ℓn and n = (r 1 /ℓ, r 2 /ℓ).
Proof. Since M 1 and M 2 are non-conjugate maximal subgroups of G, the subgroup C 1 C 2 contains properly both , 2) ; we conclude that ℓ divides both r 1 and r 2 . We now distinguish two cases.
Case 1. We assume that either
it follows that t = r 1 and n = 1, and (ii) is proved at once. A similar argument can be used when
Then H 1 and H 2 are non-trivial. We let
. Now K is abelian, by using the fact that (
We then have |K| = r 1 r 2 /ℓ, |H i | = r j /ℓ, where i = j and i, j ∈ {1, 2}. Clearly K/H i ∼ = Z r i (i = 1, 2). So we may assume that K contains two elements x and y of order r 1 and r 2 , respectively. On setting H = xy , we get |H| = r 1 r 2 /ℓn, where n = (r 1 /ℓ, r 2 /ℓ). Obviously, if n = 1, then H = K and the proof is completed. We now suppose that n = 1. Since H 1 ∩ H 2 = 1 and H 1 H 2 is non-cyclic, we conclude that H cannot contain both H 1 and H 2 . We assume that H 1 H, say. Then K = HH 1 and |H ∩ H 1 | = r 2 /nℓ. It is now straightforward to see that
Theorem 2.9. Let G be a finite non-nilpotent soluble group with m = 2σ − 1. Then σ = 3 and
Proof. We first show that G has a conjugate σ-cover. Suppose that G has no conjugate σ-cover and assume that M 1 , ..., M 2σ−1 are all maximal subgroups of
. Hence, G must have a maximal normal subgroup of index less than σ − 1, which is impossible. Therefore, G has a σ-cover (M 1 , · · · , M σ ) satisfying the condition (i) of the theorem 1.1. Now if M i ⊳ G for each i > σ, then the first part of the theorem occurs, and
Next suppose that M i ⊳ G for some i > σ. Then |G : M i | ≥ σ − 1 and hence M σ+1 , ..., M 2σ−1 form a single conjugacy class in G. We set C 1 = Core G (M 2 ) and C 2 = Core G (M σ+1 ). Since G has only one maximal subgroup which is normal, G = C 1 C 2 . Also M 2 /C 1 and M σ+1 /C 2 are cyclic, by Proposition 1.4(i). Now since M 1 is the only maximal subgroup of G which is normal, there is a prime number p such that M 2 /C 1 and M σ+2 /C 2 have p power orders. By Theorem 2.8 the proof is completed, where 
Proof. Let X be an arbitrary M-orbit of L \ {1} and let H = X . Since M is maximal in G, H = L. It follows that Stab M (X) is contained in the kernel of the action, and hence |X| = |M|, because Stab M (x) = Stab M (X) for all x ∈ X. This shows that any M-orbit of L \ {1} has length equal to |M|. Therefore, |M| (|L| − 1) and we have |M| = |L| − 1; that is, M acts transitively on L \ {1}, which proves (i). Now by (i), we conclude that the elements of L have the same prime order p. So |L| = p n for some n ∈ N. Since |L| −1 is a prime, either |L| = 3 or p = 2. This completes the proof of (ii). (ii) n = 1, and p is a Fermat prime; (iii) q = n = 2 and p = m = 3.
Proof. The proof is elementary.
Theorem 2.13. Let G be a finite non-nilpotent soluble group with m(G) = 2σ. Then G/Φ(G) is isomorphic to one of the following groups: We now suppose that G = C 2 C σ+1 . If M 2σ contains C 2 or C σ+1 , then G/Φ(G) is isomorphic to the group (vi), by Theorem 2.8. Otherwise, G/Φ(G) will be isomorphic to the group (vii).
Case 3.
There exists an integer j with σ+1 ≤ j ≤ 2σ such that M j is non-normal of index σ in G.
In this case, σ and σ−1 are prime powers. By Lemma 2.12, one of the following statements holds: (a) σ = q + 1, where q is a Mersenne prime; (b) σ is a Fermat prime; (c) σ = 9. In what follows, we shall show that the cases (b) and (c) cannot occur. In the case of (b), |M σ+1 /C σ+1 | is a power of 2. However, by Proposition 1.4(iii), M 2 /C 2 is cyclic of odd order, as O 2 (M 2 /C 2 ) = 1. So G must have two normal maximal subgroups, a contradiction. Now suppose, by way of contradiction, that the case (c) occurs. Then G/C 2 ∼ = E 8 ⋊ (M 2 /C 2 ), which shows that M 2 /C 2 has no maximal subgroup of index 9. Therefore, M 2 /C 2 has just one maximal subgroup, proving that M 2 /C 2 is cyclic. In view of Proposition 2.11, we have M 2 /C 2 ∼ = Z 7 , so that |G : M 1 | = 7. On the other hand, G/C 10 ∼ = E 9 ⋊ (M 10 /C 10 ). So 7 ∤ |M 10 /C 10 |, from which we deduce that the group H = M 10 /C 10 has a maximal subgroup K of index 8. Now according to Lemma 1.3, σ(H) = 9, whence K/ Core H (K) is cyclic, by Proposition 1.4. By using Proposition 2.11, |K/ Core H (K)| = 7, which is impossible. Therefore, the case (a) is left to be considered. In this case we first show that M σ+1 /C σ+1 has a non-normal maximal subgroup. Assume that this not the case. So M σ+1 /C σ+1 is cyclic, whence it has just one maximal subgroup. Now using Proposition 2.11, we see that |M σ+1 /C σ+1 | = q. Thus, G has a normal maximal subgroup of index q. However, the only normal maximal subgroup of G is of index less than q, which is impossible. Hence M σ+1 /C σ+1 has a nonnormal maximal subgroup, and so C σ+1 ≤ C 2 . Now we take H = M σ+1 /C σ+1 . Since m(H) = σ(H) = σ and H has a non-normal subgroup of index σ − 1, H/Φ(H) ∼ = Z q ⋊ Z r , for some r with m(Z r ) = 1. It follows that H has a unique Sylow q-subgroup by the Frattini argument. But q 2 ∤ | Aut(E σ )|, which shows that H ∼ = Z q ⋊ Z t , for some t ∈ N with m(Z t ) = 1. Now, since C σ+1 = Φ(G) and G/C σ+1 = E σ ⋊ H, we conclude that G/Φ(G) is isomorphic to the group (viii).
